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Abstract
We prove that no Suzuki group Sz(q) can act line-transitively on a non-trivial %nite linear
space.
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1. Introduction
A linear space S is a set P of points, together with a set L of distinguished
subsets called lines such that any two points lie on exactly one line. We shall always
assume that P is a %nite set of v points, and we will denote by b the number of lines.
This paper is concerned with linear spaces having an automorphism group G which is
transitive on the set L of lines. This implies that G is also transitive on the set P of
points [1]. Thus every line has the same number k of points and every point is on the
same number r of lines. In order to avoid trivial linear spaces, we always assume that
2¡k¡v. The parameters (b; v; r; k) of S satisfy the classical equalities
vr = bk; (1)
v = r(k − 1) + 1: (2)
Let b1 = (b; v) and b2 = (b; v− 1). Obviously, b= b1b2.
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We will use later the following well-known fact: if S is not a projective plane, then
b¿v and v¿k2.
Several papers have already been devoted to the study of linear spaces having a
line-transitive automorphism group G (see for example [4–7,9,12,17]). Our purpose is
to prove the following theorem:
Theorem 1.1. If G is a Suzuki group Sz(q) where q=22n+1 and n¿1, then G cannot
act line-transitively on a non-trivial linear space.
Section 2 contains a number of preliminary results. The proof of Theorem 1.1 is
given in Section 3.
We intend to continue this work in the forthcoming paper [13] which deals with
another type of simple groups of Lie type.
2. Preliminary results
The Suzuki groups Sz(q) form an in%nite family of simple groups of Lie type, and
were de%ned in [18,19] as subgroups of SL(4; q).
Let F=Fq be %nite %eld of q elements, where q=22n+1 for some positive integer
n¿1 (in particular, q¿8). Set t=2n+1 so that t2 = 2q. Then the mapping 2 :  → 2
for ∈F, is an automorphism of F, the squaring map. For ; ∈F, we de%ne the
matrix
(; )=


1 0 0 0
 1 0 0
31 t 1 0
41   1

 ;
where 31 = 1+t +  and 41 = 2+t +  + t . By Suzuki [19] showed that Q(q)=
{(; ) | ; ∈Fq} is a multiplicative group of order q2 and that
(; )(; )= (+ ; t +  + ):
To each k ∈F∗=F\{0} we associate a diagonal matrix diag[1; 2; 3; 4] in SL(4; q),
as in [19] we shall also denote by k, 1 = k
1+, 2 = k, 3 = 
−1
2 and 4 = 
−1
1 . As in
[19], we shall denote such a matrix by k. Let
K(q)= {k =diag[1; 2; 3; 4] | k ∈F∗};
Q=Q(q) and K =K(q). Now let
H =H (q)= 〈Q;K〉; G=G(q)= 〈H; 〉;
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where
=


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0


in SL(4; q). By [19], G is a simple group, denoted by Sz(q), of order q2(q2+1)(q−1).
It was shown in [19] that Sz(q) has unique conjugacy classes of cyclic subgroups of
order (q+ t + 1) and (q− t + 1). Let A1, A2 be cyclic subgroups of order (q+ t + 1),
(q − t + 1), respectively. It will be convenient to denote K by A0 since many of the
properties of A0 =K , A1 and A2 can be described in a uni%ed way.
In the next 5 lemmas, we always assume that G= Sz(q), where q=22n+1.
Lemma 2.1 (Lemma 3.2 of Huppert [10]).
(a) Q is a Sylow 2-subgroup of G, Z(Q)= {(0; ) | ∈F} is elementary abelian of
order q and every element of Q\Z(Q) has order 4.
(b) For all x∈Q\Z(Q), x and x−1 are not conjugate in G.
(c) NG(Q)=H (q)=Q:K , a Frobenius group of order q2(q− 1), H (q)∩H=K , and
k= k−1; k−1(; )k =(k; k1+), for all ; ∈F and k ∈K .
(d) For each x∈G, Q∩Qx is either 1 or Q.
(e) Let x=(; )∈Q, where  =0. Then CG(x)= 〈(; 0); Z(Q)〉.
Now we consider the subgroups Ai, i=0; 1; 2; and their normalizers.
Lemma 2.2 (Lemma 3.3 of Huppert [10]).
(a) B0 = 〈K; 〉=NG(K) is a dihedral group of order 2(q− 1).
(b) For i=1; 2, Bi =NG(Ai) has order 4(q+ (−1)i−1t + 1).
(c) For i=0; 1; 2 and each x∈G, Ai ∩Axi is 1 or Ai.
Lemma 2.3 (Lemma 2.3 of Liu et al. [14]). Let P be a Sylow subgroup of Sz(q).
(a) If P=Q, then NG(P)=QK .
(b) If P6Ai, then NG(P)=NG(Ai), where i=0; 1; 2.
Lemma 2.4 (Huppert [10], XI 3.12). Every maximal subgroup of G is conjugate to
one of the following:
(1) Sz(a), ai =22n+1 where i is a prime.
(2) QK .
(3) NG(Ai), where i=0; 1; 2.
Lemma 2.5 (Theorem of Suzuki [19]). (a) Let T6G. Then either T is conjugate to
Sz(2l) for some divisor l of 2n + 1, or T is conjugate to a subgroup of Bi, where
i=0; 1 or 2, or to a subgroup of H.
(b) Moreover if T6H and Q1 =T ∩Q then
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(1) T =Q1Kx1 for some K16K and x∈Q.
(2) In particular, when Q1 =Q, if T16H and |T1|= |T |, then T =T1.
Proof. (b) (1) see Lemma 3.4 of [10].
(2) We know that K is cyclic. Hence for any two subgroups T1 and T2 of K , if
|T1|= |T2|, then implies T1 =T2. Thus by (1), T =QKx1 and T1 =QKy1 , where K16K
and x; y∈Q. By Lemma 2.1(c), for any k ∈K and any z ∈Q, there exists z′ ∈Q, such
that kz= z′k. Therefore, T1 =QK
y
1 =QK1y=QK1 and T =QK
x
1 =QK1x=QK1, that is
T1 =T .
From now on, we suppose that G is a line-transitive automorphism group of a linear
space S. If L is a line of S, we denote by GL the setwise stabilizer of L in G.
There are two basic facts that we are going to use throughout this paper. The %rst is
that any involution of G is conjugate to some involution of GL. The other is that if
an involution of G has no %xed point, then G acts Jag-transitively on S (see [8]).
In [3], we see that G is not isomorphic to the Suzuki groups, so we assume that each
involution of G %xes at least a point.
If H is a subgroup of G, then FixP(H) denotes the set of points of P which are
%xed by H .
Lemma 2.6 (Lemma 2 of Camina and Siemons [8]). Let G act line-transitively on a
linear space S. Let L be a line S and H a subgroup of GL. Suppose that H satis>es
the following two conditions:
(i) |FixP(H)∩L|¿2 and
(ii) if K6GL and |FixP(K)∩L|¿2 and K is conjugate to H in G then H is conjugate
to K in GL.
Then either (a) FixP(H)⊆L or (b) the structure induced by S on FixP(H) is a regu-
lar linear space S0 with parameters (b0; v0; r0; k0), where v0 = |FixP(H)|, k0 = |FixP(H)
∩L|. Moreover, NG(H) acts line-transitively on S0.
Lemma 2.7 (Lemma 2.6 of Liu et al. [14]). Let G act line-transitively on a linear
space S and let L be a line of S. If v is even and if there exists a 2-subgroup P of
GL such that Fix(P)⊆L, then k | v and G is ?ag-transitive.
Lemma 2.8 (Lemma 2.7 of Liu et al. [14]). Let G act line-transitively on a linear
space S. Let L be a line and let i be an involution of GL. Assume that GL has a
unique conjugacy class of involutions. If
|FixP(〈i〉)∩L|¿2
and if v is even, then G is ?ag-transitive or the induced structure on FixP(〈i〉)
is a regular linear space S0 with parameters (b0; v0; r0; k0), where v0 = |FixP(〈i〉)|,
k0 = |FixP(〈i〉)∩L|. Moreover, NG(〈i〉) acts line-transitively on S0.
Lemma 2.9 (Lemma 9 of Zhou et al. [20]). Let G act line-transitively on a linear
space S. Let K be a subgroup of G. If K 6GL for any line L∈L and if K6G for
some point ∈P, then NG(K)6G.
W. Liu /Discrete Mathematics 269 (2003) 181–190 185
Lemma 2.10 (Lemma 2.8 of Liu et al. [14]). Let G act line-transitively on a linear
space S. If there exists a prime number p such that p|b but p | v, then for some
point ∈P, NG(P)6G, where P is a Sylow p-subgroup of G.
Lemma 2.11 (Lemma 3.8 of Liu [12]). Let G act line-transitively on a linear space
S. Assume that P is a Sylow p-subgroup of G for some ∈P. If P is not a Sylow
p-subgroup of G, then there exists a line L through  such that P⊆GL.
The following result of Manning (Theorem XIV of [17]) will be useful for computing
the number of %xed points of an element.
Lemma 2.12 (Lemma 2.1 of Praeger and Xu [16]). Let G be a transitive group on
', let H =G for some ∈', and let K6H . If the set of G-conjugates of K which
are contained in H form c conjugacy classes C1; C2; : : : ; Cc of H, then K >xes
c∑
i=1
|NG(Ki) :NH (Ki)|
points of ', where Ki ∈Ci for 16i6c. In particular, if c=1, that is if every
G-conjugate of K in H is conjugate to K in H, then K >xes |NG(K) :NH (K)|
points of '.
Lemma 2.13. Let G act line-transitively on a linear space S. Let i be an involution
of GL, where L is a line of S. If i has at least two >xed points, then
k¿
v− |FixP(〈i〉)|
|FixL(〈i〉)| : (3)
Proof. Consider the cycle decomposition of i acting on P. We know that i has
(v − |FixP(〈i〉)|)=2 cycles of length 2. Let |FixL(〈i〉)|= e and let L1; : : : ; Le be the
lines of S %xed by i. If mj denotes the number of 2-cycles of i which lie in Lj,
where 16j6e, then
2
e∑
j=1
mj = v− |FixP(〈i〉)|:
Since i has at least two %xed points, we have
ek¿2
e∑
j=1
mj:
Thus
k¿
v− |FixP(〈i〉)|
|FixL(〈i〉)| :
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3. Proof of the theorem
We shall %rst prove the following proposition:
Proposition 3.1. Let G= Sz(q) act line-transitively on S. Suppose that S is not
a projective plane. Then G is point-primitive and the stabilizer G of a point  is
isomorphic to NG(Ai) for some i=0; 1; 2.
Proof. Since S is not a projective plane, b¿v. But b= b1b2 = (b; v)(b; v − 1) with
(b; v)6v¡b, and so (b; v−1)¿1. Hence there exists a prime p dividing b and v−1, that
is such that p|b and p|(v− 1). Thus, by Lemma 2.10, for some point , NG(P)6G,
where P is a Sylow p-subgroup of G. Since G is line-transitive on S, b divides
|G|= q2(q2+1)(q−1), and so p divides q2(q2+1)(q−1)= q2(q−1)(q+t+1)(q−t+1).
If p|q, then NG(P) is a maximal subgroup of G. By Lemma 2.3, G=H (q) and
hence G is 2-transitive on P, which is impossible by [11].
If p divides |Ai| for some i=0; 1; 2, NG(P)=NG(Ai). Hence G is a maximal sub-
group of G, and so G is point-primitive.
This completes the proof.
Now, we can prove Theorem 1.1.
If S is a projective plane, then v is odd. Thus G contains a Sylow 2-subgroup
of G and |G|= |GL|, where ∈P and L∈L. By Lemma 2.4, we have G; GL6QK
and Q6G ∩GL. By Lemma 2.5(b), there exists K16K such that G=GL=QK1. Let
s= |K1| and H = 〈i〉, where i is an involution of GL. Then by Lemma 2.12
|FixP(H)|= |FixL(H)|= q− 1s :
Hence by Lemma 2.13
k¿
v− |FixP(H)|
|FixL(H)| =
sv
q− 1 − 1= q
2:
On the other hand, we have v − 1= k(k − 1), which produces a contradiction since
v=(q2 + 1)(q− 1)=s.
Therefore, we may assume that S is not a projective plane. But then b2 =
(b; v − 1)¿1 and so for every prime divisor p of b2, NG(P)6G, where P is a
Sylow p-subgroup of G and ∈P.
By Proposition 3.1, G is isomorphic to NG(Aj) for some j=0; 1; 2. Let i be an
involution of GL and H = 〈i〉. Now we divide proof into two cases.
Case (1): G=NG(A0) is a dihedral group of order 2(q− 1).
In this case, v= q2(q2 + 1)=2 and v− 1= (q2 − 1)(q2 + 2)=2. By Lemma 2.12
|FixP(H)|= |NG(H) :NG(H)|= q2=2; and |NG(H)|= q2:
Suppose that GL has a unique conjugacy class of involutions. Then by Lemma 2.8,
either G is Jag-transitive or there exists a regular linear space S0 with parameters
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(b0; v0; r0; k0), where v0 = |FixP(H)|, k0 = |FixP(H)∩L|, and NG(H) acts line transi-
tively on S0. Note that b0k0(k0−1)= v0(v0−1). But v0 = q2=2 and b0 = v0 or 2v0, and
so b0k0(k0−1) = v0(v0−1), a contradiction. Therefore G is Jag-transitive. By [3], this
is impossible.
Suppose that GL has at least two conjugacy classes of involutions. Then by Lemma
2.4, GL is isomorphic to a subgroup of QK , that is GL=Q1K1, where Q16Q and
K16K . Since G does not contain any element of order 4, this means that elements
of order 4 in G do not %x any point of S. If GL does not contain any element of
order 4, no element of order 4 of G %xes a point of S, then there exists an involution
of G which %xes no point of S. This implies that G is Jag-transitive. By [3], this is
impossible. Thus Q1 must contain elements of order 4 and so m¡2l−1, where 2l= |Q1|
and m denotes the number of involutions of GL. By Lemma 2.1, the m involutions of
GL together with the unit element form a subgroup of Z(Q). Thus, m + 1 divides q.
Moreover, if m+1 = q, then m6(q−2)=2. Also GL has precisely m=s conjugacy classes
of involutions, where s= |K1|. Thus by Lemma 2.12
|FixL(H)|=m|NG(H) :NGL(H)|=s=
mq2
2ls
:
By Lemma 2.13
k¿
2l−1q2s
m
:
Note that
k(k − 1)= v(v− 1)=b= |GL|(v− 1)=|G|: (4)
Therefore
k(k − 1)=2l−2s(q+ 1)(q2 + 2): (5)
Consequently
2l−2s(q+ 1)(q2 + 2)¿
22l−2q4s2
m2
− 2
l−1q2s
m
;
that is
s¡
m2(q+ 1)(q2 + 2)
2lq4
+
2m
2lq2
¡
m(q+ 1)(q2 + 2)
q4
+
2
q2
:
If m = q− 1, then m6(q− 2)=2, and so
s¡
(q− 2)(q+ 1)(q2 + 2)
2q4
+
2
q2
¡1=2 + 1=2=1;
contradicting s¿1. If m= q−1, then Z(Q)6GL. By the above argument we know that
|Q1=Q|¿2. This leads to |GL|¿2q¿|G|, a contradiction.
Case (2): G=Zq+.t+1 : 4, the semi-direct product of the cyclic group of order
q+ .t + 1 (.=±) by the cyclic group of order 4.
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In this case,
v=
q2(q− 1)(q− .t + 1)
4
:
By Lemma 2.12, we get |FixP(H)|= q2=4.
Suppose that GL has a unique conjugacy class of involutions. Then, by an argument
similar to what we did in Case (1) above, we get a contradiction. Suppose that GL has
at least two conjugacy classes of involutions. As before, by Lemma 2.4, GL=Q1K1,
where Q16Q and K16K . Since G contains elements of order 4, every element of
order 4 of G %xes at least one point of S. If GL does not contain any element
of order 4 of G, then there exists an involution of G which %xes exactly one point of
S, contradicting the fact |FixP(H)|= q2=4. Thus Q1 contains the elements of order 4
and so m¡2l − 1, where 2l= |Q1| and m denotes the number of involutions of GL.
It follows that GL has precisely m=s conjugacy classes of involutions, where s= |K1|.
Thus by Lemma 2.12
|FixL(H)|=m|NG(H) :NGL(H)|=s=
mq2
2ls
:
By Lemma 2.13
k¿
[(q− 1)(q− .t + 1)− 1]2l−2s
m
:
By (4), we get
k(k − 1)= 2
l−2s
(q+ .t + 1)
(
q2(q− 1)(q− .t + 1)
4
− 1
)
: (6)
Consequently
2l−2s
(q+ .t + 1)
(
q2(q− 1)(q− .t + 1)
4
− 1
)
¿
[(q− 1)(q− .t + 1)− 1]2l−2s
m
(
[(q− 1)(q− .t + 1)− 1]2l−2s
m
− 1
)
:
This leads to
s¡
m2q2(q− 1)(q− .t + 1)
2l(q+ .t + 1)[(q− 1)(q− .t + 1)− 1]2 + 1=2:
If m6q− 2, then m6(q− 2)=2, and so
s¡
(q− 2)q2(q− 1)(q− .t + 1)
2(q+ .t + 1)[(q− 1)(q− .t + 1)− 1]2 + 1=2:
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Since
(q+ .t + 1)[(q− 1)(q− .t + 1)− 1]2 − (q− 2)q2(q− 1)(q− .t + 1)
¿(q− 1)2(q2 + 1)(q− .t + 1)− 2(q− 1)(q2 + 1)
− q2(q− 2)(q− 1)(q− .t + 1)
¿q2(q− 1)(q− .t + 1)(q− 1− q+ 2)− 2(q− 1)(q2 + 1)
= (q− 1)(q− .t + 1)(q2 − 2(q+ .t + 1))
¿0;
we have s¡1=2+ 1=2=1, a contradiction. If m= q− 1, then Z(Q)6GL. Note that GL
contains the element of order 4. This means that |Q1=Z(Q)|¿2. Since
|GL|¡|G|=4(q+ .t + 1);
we know that |GL|=2q or |GL|=4q and .=1. When |GL|=4q, by (3)
k ¿
v− |FixP(H)|
|FixL(H)|
= q((q− 1)(q− t + 1)− 1)=(q− 1)
= q(q− t + 1)− q=(q− 1):
Since k is an integer, it follows that k¿q(q− t + 1)− 1. Thus
k2
v
¿
4(q− t + 1)
q− 1 −
8
q(q− 1)¿1;
contradicting the inequality v¿k2 (which follows from the fact that S is not a pro-
jective plane). When |GL|=2q, |FixL(H)|=(q − 1)q2=(2q)= q(q − 1)=2. Thus by
Lemma 2.13
k¿
q((q− 1)(q− .t + 1)− 1)
2(q− 1) =
q(q− .t + 1)
2
− q
2(q− 1) :
Since k is an integer, k¿q(q− .t + 1)=2. By (4), we get
k(k − 1)= q
3((q− 1)(q− .t + 1)− 1)
8(q+ .t + 1)
:
It follows that
q2((q− 1)(q− .t + 1)− 1)¿4(q2 + 1)(q(q− .t + 1)=2− 1)
which is impossible since q¿8.
This completes the proof of Theorem 1.1.
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